In this paper we study a generalized porous medium equation where the diffusion rate, say m(x) -spatially heterogeneous-is assumed to be linear, m = 1, on a piece of the support domain, Ω 1 , and slow nonlinear, m(x) > 1, in its complement, Ω m := Ω \Ω 1 . More precisely, we characterize the existence of positive solutions and construct the corresponding global bifurcation diagram as one of the parameters of the model changes, showing that a continuous transition occurs between the diagrams of the completely linear case (Ω = Ω1) and of the completely nonlinear case (Ω m = Ω). As a result, the effect of a localized slow diffusion rate with varying support is completely characterized. Our analysis is imperative in order to design porous media multi-components systems with changing diffusion rates.
Introduction
In this paper we study the positive solutions of the following boundary value problem −∆ w m(x) = λw in Ω , w = 0 on ∂Ω , On the other hand, when Ω m = Ω and m is constant, (1.1) provides us with the classical porous medium equation, which generated a huge industry in Partial Differential Equations since the pioneering studies of G. I Barenblatt [2] and A. G. Aronson & L. A. Peletier [1] . In fact, one of the results of [1] establishes that (1.1) possesses a positive solution if, and only if, λ > 0, and that it is unique and asymptotically stable if it exists. Actually, if we denote it by w λ , it turns out that lim λ↓0 w λ = 0 and that λ → w λ is increasing (cf. [4] for further details). In Figure 2 , we have represented a bifurcation diagram scheme of the positive solutions of (1.1) in these extreme opposite cases. Figure 2 Our main interest in this paper is focused on the problem of analyzing how these diagrams change when diffusion is nonlinear in some piece of Ω, Ω m , whereas it is linear in the complement, Ω 1 , trying to ascertain all possible intermediate eventual transitions between the previous two limiting cases. Such an analysis is imperative in order to study the effect of local nonlinear diffusivities in the global dynamics of porous media. Consequently, we will throughout assume that Ω m , and so Ω 1 , are proper subdomains of Ω. It should be noted that, though the non-linearity is discontinuous, it is of Caratheodory in L ∞ and, hence, all solutions live in W 1,p for all p > 1.
The analysis of this problem fits into our general program of analyzing reaction diffusion equations in the presence of spatial heterogeneities; those heterogeneities might arise in nonlinear diffusion rates, of course. As it will become clear later the global nature of the corresponding bifurcation diagram of positive solutions of the general problem we are dealing with is rather different. 
most of our attention will be focused into (1.2). By elliptic regularity theory, it is folklore that any weak non-negative solution u = 0 is a strong solution almost everywhere twice differentiable and, as a result of the maximum principle, u(x) > 0 for each x ∈ Ω and ∂u ∂n (x) < 0 for each x ∈ ∂Ω, where n stands for the outward normal vector-field of Ω. Therefore, a necessary condition for the existence of a positive weak solution is λ > 0.
The following function will play a crucial role in our exposition
It satisfies µ(0) > 0, and, due to the monotonicity of the principal eigenvalue with respect to the potential, it is decreasing in λ. Actually, it satisfies µ (λ) < 0 for each λ > 0, since λ → µ(λ) is concave; by a celebrated theorem of P. Hess and T. Kato [6] (cf. [8] for further details). Moreover, by the monotonicity of the principal eigenvalue with respect to the domain, given a ball B ⊂ Ω 1 for each λ ≥ 0 we have that
Thus, lim
and, hence, there exists 
and it is unique if it exists. Moreover, if we denote it by θ λ , then, for each α ∈ (0, 1), the map λ → θ λ is increasing and of class
for any compact subset K ⊂ Ω.
In Figure 3 we have represented the corresponding diagram of positive solutions of (1.2). The bifurcation diagram consists of an increasing differentiable curve emanating from u = 0 at λ = 0 and blowing-up to infinity, everywhere in Ω, as λ ↑ λ 0 . It should be noted that the u-bifurcation diagrams for (1.2) look similar to those shown in Figure 2 for (1.1).
The next result establishes the existence of an homotopy between the two limiting bifurcation diagrams of Figure 2 and the bifurcation diagram of Figure 3 . The concept of domain convergence used in its formulation is the one introduced in [8] , for which there is continuous dependence of the principal eigenvalue and of the normalized principal eigenfunction in W 
and denote by
Then, the following assertions are true:
where Φ λ stands for the principal eigenfunction of σ[−∆ − λχ
and, for each λ ∈ (0, ∞),
where Θ λ stands for the unique positive solution of the classical porous media equation ((1.2) with Ω m = Ω).
The distribution of this paper is the following. In Section 2 we include the proof of Theorem 1.1 and analyze the asymptotic behavior of the positive solutions of the parabolic counterpart of (1.2). Finally, in Section 3 we prove Theorem 1.2.
Proof of Theorem 1.1
Subsequently, we denote by P the cone of positive functions of C 1+α 0
(Ω);
. We already know that λ > 0 is necessary for the existence of a positive solution. Now, let ϕ λ 0 denote a principal eigenfunction associated to µ(λ) (cf. (1.3)) and asume that (1.2) possesses a positive solution, u. Then, multiplying (1.2) by ϕ λ , and integrating in Ω it is apparent that
Thus, µ(λ) > 0 and, therefore, λ < λ 0 (Ω 1 ). Recall that µ(λ) > 0 if and only if 0 < λ < λ 0 (Ω 1 ). This shows that (1.5) is necessary for the existence.
To show that (1.5) implies the existence of a positive solution we use the sharp version of the method of sub and supersolutions developed by P. Hess [5] which demands no regularity assumptions. Suppose (1.5) and consider Actually, u provides us with a subsolution for any λ > 0. Now, pick λ ∈ (0, λ 0 ) and, for each sufficiently small δ > 0, consider
where
By the continuous dependence of the principal eigenvalue with respect to the potential, µ δ (λ) > 0 if δ > 0 is sufficiently small. Assume δ has been chosen in that way. Let ϕ 
Thus, setting
and, hence,
Thus, by the monotonicity of the principal eigenvalue with respect to the potential, we find from (2.4) that
As the principal eigenvalue is dominant, from (2.5) it is apparent that u = v. This contradiction ends the proof of the uniqueness. Subsequently, for each λ ∈ (0, λ 0 ), we denote by θ λ the unique positive solution of (1.2). The fact that the map
is of class C 1 follows easily from the implicit function theorem applied to the operator
whose zeros are in one-to-one correspondence with the positive solutions of (1.2). T is of class C 1 and, for each λ ∈ (0, λ 0 ),
is the linear continuous compact operator defined by By elliptic regularity any of these functions provides us with a strong solution of
Thanks to (2.4), the monotonicity of the principal eigenvalue with respect to the potential gives
; Ω] = 0 , (2.8)
Hence, by the dominance of the principal eigenvalue, u = 0 is the unique solution of (2.7), and, consequently, D u T (λ, θ λ ) is a linear isomorphism. Therefore, by the implicit function theorem, the map (2.6) is of class C 1 . Now, by implicit differentiation with respect to λ it is apparent that, for any λ ∈ (0, λ 0 ),
Thanks to (2.8), the inverse of the differential operator in the left hand side of (2 .9) is strongly positive. Thus, dθ λ dλ ∈
• P and, hence, the map (2.6) is strongly increasing. In particular, λ → θ λ is point-wise increasing in Ω.
We now prove the validity of the second limit in (1.6). Since
, from (2.9) we find that
Pick λ * ∈ (0, λ 0 ). Then, for each λ ∈ (λ * , λ 0 ), we have that
On the other hand, since µ(λ) is a simple eigenvalue, a classical perturbation result coming from T. Kato [7] shows that the principal eigenfunctions ϕ λ associated to µ(λ) can be chosen so that the map
be analytic. For such choice, there exist C > 0 and a sufficiently small ε > 0 such that, for each λ ∈ [λ 0 − ε, λ 0 ),
Thus, substituting in (2.10) gives
Since µ(λ) > 0, the operator on the left hand side of (2.11) has a strongly positive inverse, and, hence,
where Θ λ is the unique strong solution of
such that Θ λ = 0 on ∂Ω. Solving (2.13) yields to
integrating (2.12), the second limit of (1.6) follows. The validity of the first limit of (1.6) follows from the fact that lim λ↓0 θ λ provides us with a non-negative solution of (1.2) at λ = 0; necessarily zero. This concludes the proof of Theorem 1.1.
It should be noted that the uniqueness of the positive solution θ λ can be obtained as well by a rather standard continuation argument based on the the fact that any positive solution of (1.2) is non-degenerate. It also follows from 
where u 0 ∈ C(Ω), though this regularity requirement might be considerably weakened. Since m > 1, we have that u 1 m < u in Ω in the region where u > 1 and hence, for each u 0 , (2.14) possesses a unique solution positively globally defined in time. Let u λ (x, t; u 0 ) denote it. The following result provides us with the limiting behavior of u λ as t ↑ ∞ accordingly to the value of the parameter λ.
Theorem 2.1 The following assertions are true:
(a) u = 0 is a global attractor of (2.14) if λ ≤ 0.
Proof. Part (b) follows straight forward from the theory of D. Sattinger [9] , using the fact that (1.2) possesses arbitrarily small subsolutions and arbitrarily large supersolutions and that θ λ is the unique positive solution of (1.2). Part (a) follows from comparing the solution of (2.14) for λ ≤ 0 with its solutions for arbitrarily small λ > 0. The result follows easily from the fact that lim λ↓0 θ λ = 0. The same argument easily adapts to show Part (c). Now, one should compare the solutions of (2.14) with the solutions of (2.14) for λ < λ 0 approaching to λ 0 . Then, the result follows readily from the fact that lim λ↑λ0 θ λ = ∞ uniformly on compact subsets of Ω. This concludes the proof. 
By the continuous dependence of the principal eigenvalue with respect to the potential, (3.1) implies
uniformly in compact intervals of the parameter λ ∈ [0, ∞). Thus, the unique zero of µ ε (λ) must approach the unique zero of µ 0 (λ) as ε ↓ 0, and hence (1.9) holds. Moreover, as ε ranges from 0 to 1, λ 0 (Ω ε the value λ 0 (Ω 1 ). Thus, for any λ ∈ (σ[−∆; Ω], λ 0 (Ω 1 )) there exists a unique
because of the monotonicity of µ ε , and hence of λ 0 (Ω ε 1 ). To prove (1.10), we argue as follows. Let ϕ [λ,ε] denote the positive eigenfunction associated to µ ε (λ) normalized so that
0 (Ω) = 1 . Then, multiplying the θ [λ,ε] -equation by ϕ [λ,ε] , integrating in Ω, applying the formula of integration by parts and using the definition of ϕ [λ,ε] it is easy to see that is a subsolution of (1.8). As these equations admit arbitrarily large supersolutions above βϕ, by the uniqueness of the positive solution we have that
Since Ω 
On the other hand, adapting the argument of the proof of [8, Theorem 4.2] , it is easy to see that lim
0 (Ω) = 0 , though it should be pointed out that here the potential varies instead of the domain. Thus, (3.3) implies
Consequently, lim
Let {ε n } n≥1 be any decreasing sequence such that lim n→∞ ε n = ε 0 and set 
is uniformly bounded above by a constant for any sufficiently small ε > 0, it is easy to see that (1.11) follows from (3.12) and (3.13). provides us with a positive supersolution of (1.8) in Ω for each sufficiently small ε > 0 and sufficiently large K > 1, which can be chosen to be independent of ε. Notice that those supersolutions are bounded away from zero all over Ω. Also, thanks to (2.2), all the corresponding positive solutions are bounded bellow by a universal positive function -bellow the supersolution. By adapting the compactness argument of the proof of Part (a), one can easily see that Θ λ := lim ε↓0 θ [λ,ε] 0 is well defined and that it provides us with a positive solution of the porous medium equation (i.e., (1.2) with Ω m = Ω). This concludes the proof.
Proof of part (b)
Suppose
